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Summary

Introduction. Some mathematic models of project management encounter the
need for determining the maximum radius of hypersphere immersed into a polyhedral
region. The modern mathematic tools of the optimization theory in conjunction with
application of computer technology allows for solving nonlinear optimization problems.
However, linearization of complicated nonlinear problems keeps being permanently
feasible. Such a simplification enables using exact classic methods of optimization
solution as opposed to approximate ones for nonlinear optimization. We have to set a
task of rigorous mathematic reduction (linearization) of a polydimensional nonlinear
optimization problem on immersion of a maximum-radius hypersphere into a convex
polyhedral region. Let us have a closed polyhedron provided by a system of linear
algebraic inequalities. The maximum-radius hypersphere is to be placed into the closed
polyhedron region. Purpose. The article provides analysis of a model on determining
the maximum radius of hypersphere placed (immersed) into a polyhedral region (a
convex set restricted by straight lines) that enables taking account of a big set of factors
including the following: Project Integration Management, Project Scope Management,
Project Quality Management Project Time Management, Project Cost Management,
Project Communication Management, Project Procurement Management and Project
Risk Management. Result. The model has proposed rigorous mathematic reduction
(linearization) of a nonlinear optimization problem on placing a maximum-radius
hypersphere into a convex polyhedral region, to a linear optimization problem. Thus,
the problem on placing the maximum-radius hypersphere within a polyhedron shall be
formulated as a linear optimization problem. Conclusions. It has been rigorously proven
that the problem on immersing the maximum-radius hypersphere into a polyhedron can
be represented as a linearization problem. The problem has been reduced to a classical
linear optimization problem soluble by known methods. The proposed approach is
generalized on an arbitrary finite dimensionality problem.
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Anomauisn

Bcemyn. 'V Oeaxkux mamemamuyHux Mmooensx YNpAaeniHHA NPOEKMAMU BUHUKAE
nompeda 6CMAHOBNIEHHs MAKCUMATbHO20 paoiycy cinepcgepu, 3amypenoi 6 noiie-
opanvuy 2anyzs. Cyyachuti MameMamudrut anapam meopii onmumizayii cymicHo i3
3ACMOCYBAHHAM KOMN TOMEPHUX MEXHON02Il 0A€ 3M02Y PO38 A3y8amu HeIHIlHI 3a0ayi
onmumizayii, ane 3a624cou iCHye OOYiNbHICMb JiHeapu3ayii CKIAOHUX HETHIIHUX 3A0aXy.
Take cnpowjennsi 0ae 3mMo2y 8UKOPUCMOBYBAMU MOYHI KIACUYHI MemooUu ONmumisa-
YIliHO20 p036 513Ky, HA GIOMIHY 610 HAbIUdICEeHUX, O HeainiliHol onmumizayii. [locma-
BUMO 3AB0AHHS CIMPO2020 MAMEMAMUYHO20 386e0eHHs (iHeapu3ayii) baeamosumipHol
HeNiHIUHOL 3a0aui onmumizayii npo 3aHypenHs. 2inepcgepu MaAKCUMATbHO20 Paodiycy
8 ONYKJIy OLIAHKY muny noniedpy. Hexail maemo 3amxHenull noniedp, nooanuil cucme-
MO0 NIHIUHUX aneebpaiunux HepisHocmetl. Y OiAHYI 3aMKHEeH020 Noaiedpy HeoOXiOHO
posmicmumu 2inepcghepy maxcumanoHo2o padiycy. Mema. Y cmammi npoananizosano
MOOeb YCMAHOBIEeHH MAKCUMAIbHO20 padiycy zinepcepu, posmiweroi (3anypeHoi)
VY noniedpanbHy OLAHKY (ONYKIY MHOJICUHY, OOMEMNCEHY NPAMUMU JIHIAMUY), KA 3a6e3-
neyye 8paxy8anHs GeiuUKOl MHOJNCUHU (DaKmMopis, ceped AKUX — YNpPAelinHA iHmespa-
yiero (Project Integration Management); npeomemna dinsnka npoexkmy (Project Scope
Management),; ynpasninns sxicmio (Project Quality Management), ynpaeninus uacom
(Project Time Management); ynpasninnus eapmicmio (Project Cost Management),
ynpaeninusa komyHikayisimu (Project Communication Management); ynpaeuinus KOHmp-
akmamu (Project Procurement Management); ynpaeninna puszuxamu (Project Risk
Management). Pezynomamu. Y mooeni 3anponoHosano cmpoze mMamemamuyme 3ge-
OenHsl (nineapuzayis) HeniHiHOL onmumizayiinol 3a0aui npo pozmiwents 2inepcgepu
MAKCUMATBHO20 padiycy 6 ONYKay OLIAHKY Muny nonieopy 00 3a0aui JiHiHOI onmumi-
sayii. Taxum uunom, 3a0aua npo posmiujents cinepcghepu Hatlbiibulo2o padiycy 6 noi-
eopi opmynroemvca Ak 3adava niniiHoi onmumizayii. Bucnoeku. Cmpozo 0ogedero
MOHCIUBICIND JiHeapu3ayii 3a0aui npo 3aHyPeHHsL 2inepchepu MakCUMaibHo20 padiycy
v noniedp. 3adauy 36e0eHo 00 KAACUYHOI 3a0aui TiHiUHOI onmumizayii, axa modce obymu
D038 °A3aHA BI0OMUMU MemMOoOaMU. 3anponoHO8anuil NiOXio y3a2aibHIOEMbCs HA 3A0a4i
008INbHOI CKIHYEHOT 8UMIPHOCHI.

Knrouoegi cnosa: sicummesuil yuka npoexmy, einepcgpepa, noiaiedp, aiHiuHa onmu-
Mizayis.
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Introduction. In the modern information society, most ideas are implemented
through the use of the project management methodology. This specific approach ensures
reasonability of both the time and the resources expenditure. The project management
methodology keeps being developed and improved. The range of project management
methods is rather wide. The model approach is ever more frequently included in the
methodology.

Problem statement. Many mathematic models describing stages of project manage-
ment encounter the task of mandatory use of as many certain factors as possible.

Modeling of lifecycle of a project, particularly of a project on using agile methodolo-
gies, frequently encounters the need for taking account of a set of factors a part of which
is determined in the PMI PMBOK standard as 9 function areas of the management:

1) Project Integration Management;

2) Project Scope Management;

3) Project Quality Management;

4) Project Time Management;

5) Project Cost Management;

7) Project Communication Management;

8) Project Procurement Management (contracts) and;

9) Project Risk Management.

This approach contributes to avoiding a sudden and premature finish of a project
without achieving its objective, except for cases when it is decided to stop implementing
a project prior to its scheduled finish.

In this situation, we can see appearance of the need to resolve the problem of max-
imizing the coverage of the project management area with such factors, provided that
there are some effective constraints. Such approach can be modeled as determining the
maximum radius of a hypersphere placed (immersed) into the polyhedral region (a con-
vex set restricted by straight lines).

The state of the art review. Modeling in the area of project management is used in
many researches. Thus, the article proposes a model of evaluating competences of orga-
nizations acting in project, program and project portfolio management [1].

The model of efficient formalization of processes interacts on the project level. The
effect of project portfolio complexity on the procedure of such formalization has been
analyzed in the article on the level of portfolio [2].

At the same time, modern mathematical tools of the optimization theory [3; 4; 9] in
conjunction with using computer technology allows for obtaining approximate solution
of nonlinear problems. However, it is always reasonable to linearize complex nonlinear
problems. Such simplification allows for using accurate classic methods of optimization
solution as opposed to approximated ones for nonlinear optimization [10; 16].

Research objective. The objective of the research consisted in rigorous mathematic
reduction (linearization) of a nonlinear optimization problem on placing a maximum-ra-
dius hypersphere into a convex polyhedral region, to a linear optimization problem.

Statement of basic material. Let us consider the general statement of the problem.
Development of an IT project provides for formulation of hypotheses each of which is
to be described and analyzed, contributing to adaptation of the project to customer’s
requirements and taking account of as many factors as possible to facilitate its efficient
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implementation. The stage of project formation includes grounding the need for involv-
ing a set of factors containing, in addition to those indicated above (according to PMI
PMBOK standard), the following: possibility of technical realization, environmental
impact, market efficiency, institutional acceptability, social aspects, financial and eco-
nomic value. It is a difficult problem to determine the elements of such a set. For its
solution, it has been proposed to use a problem on placing a maximum-radius hyper-
sphere into convex polyhedral region, reduced to a linear optimization problem.

In the finitely measurable real linear space R" consisting of a set of factors having

effect on efficient implementation of the project, let us have a closed polyhedron €2,
provided by a system of linear algebraic inequalities

a,x,+a,x,+...+a,x <b,

Ay X, + 0y X, +...+a,, x, <b,,

---------------------

a x+a,x,+...+a, x <b ,

x,20,x,20, ..., x,20.

In the region Ql c R", we need to place the hypersphere with the biggest radius.

For R?, it will be a circle, and for the three-dimensional space R3? — it will be a

sphere. For a two-dimensional case, let us perform a graphic interpretation of the prob-
lem (Fig. 1).

x+a,x, <b,

m2 m

x 20, x,20.

¥

Fig. 1. Graphic interpretation of the problem

Let us have X, X, — as coordinates of the center of circle, and X, — as its radius.
We introduce designations for boundaries of semi-planes provided by inequalities of
the system ®, : @, X, +a,, X, =b,. The normal equation of boundaries of the semi-plane

provided as a;X, +ad,Xx, < b, 100ks as follows:
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-siqn(b,)a,, ‘4 -siqn(b,)a,, 0
> > 1 > > » TP =
\/an +a, \/an +a,

We know that inserting coordinates of a point into a normal straight-line equation

shall be its deviation & from the straight line. As the circle center point C(x,,X,) is to

be located in semi-plane @, X, +4a,, X, < b, , its deviation

_sian(ba,  =sian(b)a,

8 1 X, =D
Ja& +a Ja&& +a
and the circle radius constitute the inequality
d+x,<0.

We have the following statement: semi-plane 4,X, +4a,, X, < b, is sure to comprise

a circle with center at point C(x,,x,) and with radius X3, in case of completing the
inequality

a,x, +a,,x, + x,\/(a,)’ +(a,)’ <b,

1

In view of this, the problem on maximum-radius circle located in polyhedron shall
be formulated as a linear optimization problem [3; 4; 9].

W, = x; > max

2 2

ayx, +a, X, +x3\)(a”) +(a,)” <b,
2 2

ay X +ay X, +x3\/(a21) +(ay)” <b,,

Q,:

2 2
auX +a,,Xx, +x3\/(am1) +(a,,)” <b,,
—-x,+x,<0,

-x, +x, <0,

x 20, x,20, x;=20.

Model example No. 1
Polyhedral region is specified by the system of linear inequalities

=5x,+12x, <60,
| 7x +24x, <168,
V4w, -3x, <24,

12x, +5x, <120,

x,20, x,=0.
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We need to find coordinates of the center and the radius of the circle biggest in area

and placed in region €2 .

According to the procedure proposed, we set up a linear optimization problem, i.e.
a standard problem of linear optimization. The target function and the set of constraints
shall look as follows:

W, = x; = max

—5x, +12x, +13x; <60,
Tx, +24x, +25x, <168,
| 4x —3x,+5x; <24,
Pl 12x, +5x, +5x, <120,

—x, +x,<0,

-x, +x, <0,
x,20, x,20, x; =20.

For solving the problem using a simplex method, we move to canonical form of the
problem [16]:

W, = x; - max
=5x, +12x, +13x,+ x, =60,
Tx, +24x, +25x; +x,=168,
4x, —3x, +5x; +x,=24,
12x, +5x, +5x; + x, =120,

- X, +x; +x, =0,

- X, +x; +x, =0,
x, 20, i=12,..,9.

Thus, we have an acceptable reference plan to start solving with use of the simplex
method:

X,=[0,0,0, | 60,168, 24, 120, 0, 0 |,
We carry out calculation by the common simplex method (Table 1).
The respective graphic interpretation of the solution is given on Fig. 2.

From the last simplex table, we obtain the optimum solution X" =3 , X" =3 and

x;pt =3 . Therefore, the maximum-radius circle that can be placed within the polyhe-

dron has a center at point C( 3, 3 ) and radius R =3.
The proposed approach can be generalized on an arbitrary finite dimensionality
problem. Let us, e.g., consider a four-dimensional case.
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Table 1
a; Q3 Qs Q4 Qj @ asg Qs ag
| Basis o B 0 0 1 0 0 0 0 0 0
a, 0 60 -5 1z 13 1 0 0 0 i 0
a; i 163 7 24 25 0 1 0 0 0 o
a: i 24 4 -3 5 i i 1 0 0 0
ar 0 120 12 5 12 0 0 0 1 i 0
g i o -1 o 1 0 0 0 0 1 0
2q 0 o 0 -1 1 0 0 0 0 0 1
a; |#ixg=0 o o -1 0 0 0 0 0 0
a, 0 60 B 1z 0 1 0 0 0 13 0
a; i 163 12 24 0 0 1 0 0 25 o
a: i 24 9 -3 0 i i 1 0 -5 0
ar 0 120 25 5 0 0 0 0 1 -13 0
ay 1 o -1 o 1 0 0 0 0 1 0
2g 0 o 1 -1 0 0 0 0 0 -1 1
a; | WiEny=0 -1 o 0 i i 0 0 1 0
a, i 60 o 20 0 1 0 0 0 -5 -3
a, 0 168 0 56 0 0 1 0 0 7 -3
a: i 24 o & 0 i i 1 0 4 -3
2 0 120 o 30 0 0 0 0 1 1z -23
ay 1 o o -1 1 0 0 0 0 i 1
a, 0 o 1 -1 0 0 0 0 0 -1 1
a; | WiE)=0 o -1 0 i i 0 0 0 1
a, 0 0 0 0 0 1 -5/14 0 0 -152 | 247
a, 0 3 o 1 0 0 1456 0 0 12 | —an
a: i & o o 0 i —328 1 0 134 | -394
2 0 a0 o o 0 0 -15/28 0 1 1344|7571
ay 1 3 o o 1 0 1456 0 0 1/2 w7
a, 0 3 1 0 0 0 1456 0 0 -18 7
a; | Wiks=3 o o 0 i 1456 i 0 1/ 37
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=5x, +12x, <60,
x, A 7x,+24x, <168,
Ly Q:
4x,—-3x, <24,
12x, +5x, <120,
x, 20, x,20.
I—) ' ! X
«

Fig. 2. Graphic representation of the biggest-radius circle inscribed in polyhedron Q,

Model example No. 2
The polyhedron is given by the system of linear inequalities:

X —2x,+4x,-2x, <6,
5x,+6x,—4x,-2x, <2,
x;20, j=12,3,4.

We need to fine coordinates of the center and the radius of the circle biggest in area

9 -

and placed in region Q2 .
We set up a linear optimization problem respectively that shall look as follows:

W, = x; — max
X —2x,+4x,—2x,+5x; <6,
5x,+6x,—4x,—2x,+9x;, <2,
—x, + x5 <0,
-x, +x;, <0,

—X; +x, <0,

-x, +x, <0,
x;20, j=1,2,3,4,5.
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Canonical form of the linear optimization problem
W, = x; = max
X, —2x,+4x,—-2x,+5x,+x, =6,
S5x,+6x,—4x,—2x,+9x,+x, =2,
—x, +x,+x; =0,
—X, +x, +x, =0,

—X; + X, +x, =0,

-x, +x,+x, =0,
x;20, j=1,2,...,1L
Thus, we have an acceptable reference plan
on[ 0,0,0,0,0] 6,2,0,0,0,0 ]6Q2

We carry out calculation by the common simplex method. (Table 2).

Table 2
al (%] Q3 a4 a3 [#]] a7 23 ae o I a2l
| Basis o R ] ] ] i 1 i ] ] i ] i
ay i} & 1 - 4 2 5 1 o o 0 o 0
as i} 2 5 & —4 -z 2 0 1 o 0 o 0
az a o -1 o o 0 1 0 0o 1 0 i} n
as a o o -1 o 0 1 0 0o 0o 1 i} n
2w i} o o o -1 0 1 0 o o 0 1 0
an i} o o o -1 1 0 o o 0 o 1
A, | Eg=0 o o 0 -1 0 0o 0o 0 i} n
au a & 1 3 4 z o 1 o o -5 o 0
as a 2 5 15 — -2 o 0 1 0o ] i} n
az a o -1 1 o 0 o 0 0o 1 -1 i} n
as 1 o o -1 o 0 1 0 o o 1 o 0
au i} o o 1 -1 0 o 0 o o - 1 0
an a o o 1 o -1 o 0 0o 0o -1 i} 1
A | wirg=0 o -1 0 o 0 0o 0o 1 i} n
ag 0 & 1 0 7 2 0 1 0 0 -z -3 o
as ] z 5 0 11 = o o 1 o & -13 o
az o o -1 0 1 o o o 0 1 o -1 o
as 1 o o 0 -1 o 1 o 0 o o 1 o
az o o o 1 -1 o o o 0 o -1 1 o
an ] 1] 1] o 1 -1 0 o u] 0 i] -1 1
4, | wrg=0 o 0 -1 o o o 0 o o 1 o
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Table 2 (Continued)
2 as as a as an a1 as a0 au | au
| Basis | o F i 0 i i 1 0 0 0 i i i
as o & 1 0 0 5 0 1 o 0 2 4 -7
a1 o z s 0 o 9 0 o 1 0 & - | 1
as 0 0 1 a 0 1 0 0 0 1 0 0 -1
as 1 0 0 0 0 1 1 0 0 0 0 0 1
ax ) 0 0 1 0 -1 0 0 0 0 4 0 1
as 0 0 0 0 1 1 0 0 0 0 - 1
A | wixa=0 0 0 0 4 0 0 o 0 o o 1
au o & 10 0 0 0 0 1 o = 2 4 2
as o 2 14 0 0 0 0 0 1 = & - -2
a4 o 0 A i 0 1 0 0 o 1 0 0 -1
as 1 0 -1 0 0 0 1 0 0 1 0 0 o
a ) 0 1 1 0 0 0 0 0 1 1 0 o
as o 0 A 0 1 0 0 0 o 1 -1 o
A | wra=0 - 0 0 0 0 0 0 1 0 0
a2 2 0 0 0 0 0 1 |-s7 [ 487 |7 | &7 | 27
a) 0 17 1 0 0 0 0 0 1a [ -oa| a7 [-27 |-w7
a4 0 17 0 0 0 1 0 0 14 | saa | a7 [-27 |-a7
as 1 17 0 0 0 0 1 0 1a | saa | a7 [-27 |-w7
as 0 17 0 1 0 0 0 0 14 | saa |-a7 [-27 |-17
as 0 17 0 0 1 0 0 0 1a | saa | a7 |-97 |-w7
A, | Wixa= 17 0 0 0 0 0 0 1a | saa | a7 |-20 |-
an 0 24 o 0 o o 0 e | -sue| -38 |-1az] 1 12
al 0 13 1 0 0 0 0 1za | 1za | -34 | 15 0 0
a4 0 13 o 0 0 1 0 vz | owza | 4 | s 0 -1
as 1 13 0 0 0 0 1 1z | 1za | 14 | s 0 0
ax 0 13 o 1 0 0 0 1z | wza | 14 | -ss 0 0
as 0 1 i ] 1 i 0 e | -6 -18 [-34 0 12
A, | Wixg= 13 0 0 0 0 0 vz | wza | 1w | s 0 o
The last simplex table provides the optimum solution
o %, %, 1, %, %, 0,0,0,0, 3 0 |. The maximum-radius hypersphere that can

be immersed into polyhedral region Q2 has its center at point C (%, %, 1, %) and

. _1
radius R = 3

Conclusions. Therefore, the project lifecycle modeling processes need to take
account of a set of factors a part of which is represented in detail in PMI PMBOK
standard. The proposed model based on a problem of placing a maximum-radius hyper-
sphere in a polyhedron allows for taking account of the said factors and can be reduced
to a classic linear optimization problem soluble by known methods. The polyhedron
region is specified by a system of linear inequalities. In this case, the problem on the
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maximum-radius circle placed within the polyhedron is formulated as a linear optimi-
zation problem. Thus we can determine the maximum number of factors that must be
taken into account while developing lifecycle of a certain project.
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